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Abstract—This paper discusses tensor applications in au-
tonomous navigation systems. We analyze the mathematical
mechanisms behind an AI agent that learns to drive in the
CarRacing-v0 simulation environment. The learning process
uses the Deep Q-Network (DQN) algorithm. This algorithm
relies heavily on high-dimensional linear algebra operations. We
demonstrate how input tensors are processed through im2col and
General Matrix Multiply (GEMM) operations to produce driving
decisions. Simulation results show that the agent successfully
learns the racing track by minimizing a loss function through
tensor calculus. Mathematical analysis shows that every operation
in a neural network can be reduced to fundamental linear
algebra operations. These include matrix multiplication and
linear transformations.

Index Terms—Tensor, Linear Algebra, Deep Learning, Deep
Q-Network, Autonomous Navigation, Convolutional Neural Net-
work

I. INTRODUCTION
A. Background

Self-driving cars are one of the biggest challenges in modern
computer science. For humans, driving seems like an intuitive
activity done without much thought. For computers, however,
driving is a complex mathematical problem. Computers see
roads as collections of numbers stored in data structures called
tensors.

Autonomous navigation systems must process visual infor-
mation from cameras. They must analyze road conditions and
detect objects around the vehicle. They must make decisions
within milliseconds. All these processes involve mathematical
operations on high-dimensional data structures. Therefore, a
deep understanding of tensors and linear algebra is crucial for
developing this technology.

This paper explains how tensors are used in navigation
computation. We focus on a real implementation using Deep
Learning techniques. We use a simple simulation environment
where an Al agent must learn to drive from scratch.

B. The Role of Linear Algebra

Behind the scenes, the intelligence of an Al agent is just a
series of linear algebra operations. Every decision to turn left
or press the gas pedal is the result of millions of multiplications

and additions. These operations involve multi-dimensional
data structures that cannot be represented by regular matrices.

Mathematically, if x is the input and y is the output, then the
transformation performed by a neural network can be written
as a function composition:

Y = falfoa(-- fa(f1(x)) ) (1)

where each f; is a combination of a linear transformation and
a non-linear activation function.

C. Problem Statement

This paper addresses several main problems:

1) How is visual data from a camera represented as a
tensor?

2) How are linear algebra operations used to process this
tensor?

3) How does the Deep Q-Network algorithm use tensor
operations for learning?

4) How can an agent learn to drive through loss function
optimization?

II. THEORETICAL BACKGROUND
A. Definition of Tensor

In computer science and machine learning, a tensor is a
generalization of a matrix to higher dimensions. A tensor can
be seen as a container for storing numerical data in various
dimensions.

Formally, an order-n tensor is an element of the space
R xd2xXdn where d; is the size of the i-th dimension. The
following is a classification of tensors based on their order:

1) Scalar (Order-0): A scalar is a tensor with order zero. It
is a single number without dimensions. Example: a = 5 € R.

2) Vector (Order-1): A vector is a tensor with order one. It
is an arrangement of numbers in one dimension. Mathemati-
cally, a vector v € R" can be written as:

v1
V2

UTL



3) Matrix (Order-2): A matrix is a tensor with order two.
It is a table of numbers with rows and columns. A matrix
A € R™*™ has m rows and n columns:

a1l a2 A1n
a1 Q22 - Q2p

A= . . . (3)
Am1 Am?2 Amn

4) Higher-Order Tensors (Order-3+): Tensors with order
three or higher are generalizations of matrices. A relevant ex-
ample is a color image. It is an order-3 tensor with dimensions
height x width x color channels. The notation for an element
of an order-3 tensor is 7;;i, where 4, j, and k are indices for
each dimension.

Scalar (Order-0)

®

Vector (Order-1)
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Matrix (Order-2) Tensor (Order-3)

Fig. 1: Visualization of tensors with various orders.
Source: writer’s archive

B. Basic Tensor Operations

Several basic tensor operations relevant to machine learning
include:

1) Tensor Addition: Two tensors with the same dimensions
can be added element by element:

<A+B)i1,iz,u :Ai17i2,~

2) Scalar Multiplication: A tensor can be multiplied by a
scalar:

+ Biyin,..in “4)

Hln tn

(a ’ A)ilai27~";in = - Ai17i2)~-7in (5)

3) Tensor Contraction: Tensor contraction is a generaliza-
tion of matrix multiplication. For two tensors, contraction is
done by summing the products of elements along correspond-
ing indices.

C. Deep Q-Network (DQN)

Deep Q-Network is an algorithm that combines classical
Q-Learning with Deep Neural Networks. This algorithm was
first introduced by Mnih et al. [1]. It achieved human-level
performance in various Atari games.

1) Q-Learning Concept: Q-Learning is a reinforcement
learning algorithm. It aims to find the optimal function Q(s, a).
The Q function predicts the expected cumulative reward if the
agent takes action a in state s and follows the optimal policy
afterward.

The Bellman equation for the optimal Q function is:

Q*(s,a):E[T—f—’yﬂta/‘xQ*(s/,a/) ‘S7aj| (6)

where 7 is the immediate reward, v € [0,1] is the discount
factor, and s’ is the next state.

2) Neural Network Approximation: The state space in vi-
sual problems is very large. We cannot use a table to store
Q values. Instead, we use a neural network as a function
approximator:

Q(s,a;0) = Q"(s,a) )

where 6 represents the parameters (weights) of the neural
network.

3) Loss Function: To train the network, we minimize the
temporal difference loss function:

L(0)=E [(T +ymaxQ(s',a’507) — Q(s, a3 0))2] (8)

where 8 represents the parameters of the target network. This
network is updated periodically.

D. Convolutional Neural Network (CNN)

A CNN is a neural network architecture designed specifi-
cally for grid-like data, such as images. This architecture uses
convolution operations to extract features hierarchically.

1) Convolution Operation: The 2D discrete convolution
between input X and kernel K is defined as:

(X#K)ij =D > Xipmjin  Kmn 9)

For input with multiple channels (e.g., RGB), the convolu-
tion is extended to:

C
Yii=> Y ) Xeitmijin Kemn+0 (10

c=l m n

where C' is the number of input channels and b is the bias.
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Fig. 2: Visualization of 2D convolution operation.
Source: writer’s archive

2) ReLU Activation Function: After convolution, the output
is passed through a non-linear activation function. Rectified
Linear Unit (ReLU) is the most commonly used activation
function:

ReLU(z) = max(0, x) (11)

E. Simulation Environment

We use CarRacing-v0 from the Gymnasium library [2]. This
environment provides a simple driving challenge. It is complex
enough to test reinforcement learning algorithms.

The agent’s task is to visit as many track tiles as possible
in the shortest time. The reward system in this environment is
as follows:



1) Each visited track tile gives a positive reward of —&-Lj\?o,

where N is the total number of tiles.

2) Each time step gives a small penalty of —0.1 to encour-
age the agent to move quickly.

3) Leaving the track does not give a direct penalty. How-
ever, the agent loses the opportunity to collect tile
rewards.

III. SYSTEM MODEL AND PROBLEM FORMULATION
A. Input Representation as Tensor

The agent’s eyes are the game screen captured as a digital
image. The raw data from the game is a 3D tensor with size
96 x 96 x 3.

The dimensions of the input tensor can be explained as
follows:

1) Spatial Dimensions: Height (H = 96) and width (W =
96) represent the spatial resolution of the image in pixels. Each
pixel is a sampling point from the visual scene.

2) Channel Dimension: The channel (C' = 3) represents
the three color components in the RGB model:

1) Red channel (R): red color intensity, € [0, 255]

2) Green channel (G): green color intensity, g € [0, 255]

3) Blue channel (B): blue color intensity, b € [0, 255]

Mathematically, the input tensor can be written as:

Ie RHXWXC — R96X96X3 (12)

CarRacing-v0 Environment (Illustration)

Fig. 3: Example frame from CarRacing-v0 environment.
Source: writer’s archive

B. Input Tensor Preprocessing

To process this data efficiently, we perform several prepro-
cessing steps.

1) Grayscale Conversion: The RGB image is converted to
grayscale. This reduces dimension and computational com-
plexity. The conversion uses the standard luminance formula:

Tyray = 0.299 - 15 +0.587 - Ig +0.114- 15 (13)

where I, I, and Ip are the respective color channels. The
result is a 2D tensor of size 96 x 96.

2) Cropping: The bottom part of the screen contains the
speedometer (dashboard). It is cropped to remove irrelevant
information. The cropping operation can be written as:

Icrop - Igray [0 : 84, 6 : 90] (14)

This produces a tensor of size 84 x 84.

3) Frame Stacking: Four consecutive frames are stacked
into one tensor. This provides temporal information. A single
still image does not contain information about speed or direc-
tion of motion. By stacking four frames, the tensor contains

information about motion dynamics:
St = [Li—3, L5, L1, I;] € R¥*Sx4 (15)

The difference in pixel intensity between consecutive frames
contains information about:

1) Car speed (how fast the background moves)
2) Direction of motion (where the car is heading)
3) Steering angle (whether the car is turning)

State Tensor
S, € R4 x84

= 28,224 values

Fig. 4: Input tensor preprocessing flow.
Source: writer’s archive

C. Discrete Action Space

The car in the simulation can actually be controlled contin-
uously like a real steering wheel. However, we simplify the
action space to a discrete set. This makes computation and
learning easier.

The action space is defined as A = {ag, a1, as, as, aq} with
the following mapping:

1) ap: Do nothing

The car maintains its current state without additional
input.

2) aq: Turn left

The steering wheel is turned left by a certain angle.

3) ag: Turn right

The steering wheel is turned right by a certain angle.
4) ag3: Accelerate (gas)

The gas pedal is pressed to increase speed.
5) ay4: Brake

The brake pedal is pressed to decrease speed.

The output of the neural network is a vector q € R5. It
contains the estimated Q value for each action:

q= [Q(S, a0)7 Q(S, a1)7 Q(S, a2)7 Q(S, a3)7 Q(57 a4)]T (16)

The greedy policy selects the action with the highest Q
value:

* = 17
@ = argmax Q(s, 0) (17)



IV. LINEAR ALGEBRA ANALYSIS
A. Neural Network Architecture

The agent uses a Convolutional Neural Network (CNN)
architecture to process visual input. The complete architecture
can be described as a sequence of tensor transformations:

1) First Convolution Layer: The input tensor S €

R**84x84 5 convolved with 16 filters of size 8 x 8 with stride
4:

H; = ReLU(W S + b;) € R16x20x20 (18)

The output size is calculated using the formula:
H,, — K+2P 84 -840
Hyw = | in 284200 2220000 g
S 4
(19)

where K is the kernel size, P is the padding, and S is the
stride.

2) Second Convolution Layer: The output from the first
layer is processed by the second layer. It uses 32 filters of
size 4 x 4 with stride 2:

H,; = ReLU(Wy x H; + by) € R32X9%9 (20)

3) Flattening: The 3D tensor is flattened into a 1D vector.
This prepares it for the fully connected layer:

hier = flatten(H,) € R32X9%0 _, R2392 1)

4) Fully Connected Layer: The vector is processed by a
fully connected layer with 256 neurons:
h; = ReLU(W3hy,; + bs) € R* (22)

5) Output Layer: The final layer produces the Q value for
each action:

q=W,h; +by e R® (23)

Deep Q-Network Architecture for CarRacing
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Fig. 5: Neural network architecture for the DQN agent.
Source: writer’s archive

B. Convolution as Matrix Multiplication (GEMM)

Conceptually, convolution is described as a sliding window
moving across the image. However, this implementation is
very slow. It involves many nested loops.

In practice, Deep Learning libraries convert convolution into
regular matrix multiplication. They use the im2col (image-to-
column) technique [4].

1) Im2col Transformation: The im2col algorithm works as
follows:

(a) Patch Extraction

Each patch of input that will be processed by the kernel is
extracted. For input of size H x W with kernel K x K and
stride S, there are:

H-K W—-K
Npatches = \‘ S +1J X \‘ S +1J

(24)

patches to be processed.
(b) Column Matrix Formation

Each patch is flattened into a column vector of length C';;, x
K x K, where C;, is the number of input channels. All vectors
are arranged into a matrix:

X, ol € R(C’in-K'K)XNpatch,es (25)
(c) Filter Matrix Formation
The filters are also flattened into rows in a matrix:

W, ow € RCout X (Cin-K-K) (26)

where C,,; is the number of output filters.
2) General Matrix Multiply (GEMM): After transforma-
tion, convolution becomes standard matrix multiplication [5]:
Y =W, Xeo € RcoutXNpatches (27)
The result is then reshaped back into an output tensor with
the appropriate dimensions.
The advantages of the GEMM approach are:

1) GPUs are highly optimized for large parallel matrix
multiplications.

2) Libraries like cuBLAS and cuDNN are highly optimized
for this operation.

3) One GEMM operation replaces thousands of individual
convolution operations.

Im2col

ion (GEMM)
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Fig. 6: Visualization of the im2col transformation.
Source: writer’s archive

C. Forward Propagation

Forward propagation is the process of computing the net-
work output from a given input. For input S, computation is



done sequentially through each layer:

Zi =W;*xS+b; (28)
H; = ReLU(Z) (29)
Zo =Wy xH; + by (30)
H; = ReLU(Z5) 31D
z3 = W3 - flatten(Hs) + b3 (32)
h; = ReLU(z3) (33)

q=Wy -hs+by (34)

The total number of parameters to store and optimize:

Layer 1: 4 x 8 x 8 x 16 + 16 = 4,112 (35)
Layer 2: 16 x 4 x 4 x 32 +32=38,224 (36)
Layer 3: 2592 x 256 + 256 = 663, 808 (37
Layer 4: 256 x 5+ 5 = 1,285 (38)

Total: 677,429 parameters 39

D. Backpropagation on Tensors

How does the agent learn from its mistakes? The agent
learns by minimizing the loss function through the backprop-
agation algorithm.

1) Gradient Computation: If the agent makes a bad de-
cision (e.g., hitting the grass), the loss function L will have
a high value. To reduce the error, we need to compute the
gradient:

oL

VQL:aig

(40)

where 6 is the set of all network parameters.
2) Chain Rule on Tensors: Since the network is a composi-
tion of functions, we use the chain rule to compute gradients:

oL 9L  OH,
OW,  OH, O0H,_;

OH,; 1
OH;

OH;
oW,

(41)

3) Convolution Layer Gradients: For a convolution layer,
the gradient with respect to weights is computed by convolving
the input with the error gradient:

oL _
OW

oL

The gradient with respect to input (for propagation to the
previous layer) is computed with full convolution:

oL

oL
e rot180(W v
rot 80( )*full %

0X “43)

where rot180 is a 180-degree rotation of the kernel and *f;;
is full convolution.

4) ReLU Gradient: The ReLU gradient is very simple:

(44)

OReLU(z)  [1 ifz >0
Oz 0 ifz<0

E. Optimization with Gradient Descent

After gradients are computed, parameters are updated using
an optimization algorithm. The Adam (Adaptive Moment
Estimation) algorithm is the most commonly used:

m; = fimy_q + (1 — 51)VelL (45)
vi = Bovi_1 + (1 — B2)(VeL)? (46)

N my;
= 47

N Vi
= 48

my

0 =0, —a—— 49
t+1 t Oé\/\ATt_’_ . (49)
where « is the learning rate, 5; = 0.9, S = 0.999, and

e=1078.

V. DEMONSTRATION AND RESULTS

This section describes the training process and results
obtained from the experiment.

A. Experiment Configuration

The experiment was conducted with the following configu-
ration:

1) Environment
CarRacing-v0 from the Gymnasium library with discrete
mode.

2) Architecture
CNN with the structure described in Section IV-A.

3) Hyperparameters

o Learning rate a = 0.0001

o Discount factor v = 0.99

« Initial epsilon ¢y = 1.0

o Final epsilon €,,;, = 0.1

o Decay rate: € decreases from 1.0 to 0.1 over 100,000
steps

« Batch size: 32

« Replay buffer size: 100,000 transitions

o Target network update: every 1,000 steps

4) Hardware
CPU with Python 3.14 and PyTorch 2.9.1.

B. Training Process

Training was conducted for 1000 racing episodes. The
learning dynamics are as follows.

1) Initial Exploration Phase (Episodes 0-50): In this phase,
the agent moves almost completely randomly. The € value is
still high. Weight tensors are initialized randomly using the
Xavier distribution:

6 6
W~ U <-\/ , \/ )
Nin + Nout Nin + Nout

The car often spins on the grass. The Q-values output is
still meaningless. The average score in this phase is negative.
It ranges between —50 and —20.

(50)



2) Early Learning Phase (Episodes 50-200): The agent
begins to collect enough experience in the replay buffer. Basic
patterns begin to be identified by convolution filters. The agent
begins to recognize that staying on the gray area (road) gives
positive values.

Mathematically, filter weights begin to converge to edge

detectors:
-1 -1 -1

Kegge= |0 0 0
1 1 1

3) Advanced Learning Phase (Episodes 200-500): The
agent is able to follow straight paths consistently. Simple turns
begin to be navigated. The average score increases to the 400-
600 range.

Neuron activations in hidden layers show more structured
representations. Certain neurons begin to respond specifically
to certain visual patterns (left edge, right edge, straight lines).

4) Convergence Phase (Episodes 500-1000): The agent is
able to navigate sharp turns well. Optimal strategies begin to
emerge. This includes when to brake before turns. The average
score stabilizes above 800.

The loss function converges to a low and stable value:

L ~0.01 £0.005

(D

(52)

Learning Curve: DQN on CarRacing-v0
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Fig. 7: Learning curve: Average score vs Training episodes.
Source: writer’s archive

C. Results Analysis

Several important observations from the experiment results:

1) Loss Function Convergence: The loss function decreases
monotonically during training. This shows that optimization is
working well. The graph shows rapid decrease in the first 200
episodes. Then there is slow decrease toward convergence.

2) Filter Visualization: Filters in the first convolution layer
after training show meaningful patterns:

1) Some filters detect horizontal edges

2) Some filters detect vertical edges

3) Some filters detect corners and turns

3) Performance Comparison: Agent performance before
and after training can be compared:

Metric Before After
Average score —35.2 +823.4
Distance traveled | 12.3 tiles | 876.2 tiles

Survival time 42 steps | 1000 steps

Loss Function Convergence

= Smoothed

Loss (log scale)

o

0 20000 40000 60000 80000
Training Steps

100000

Fig. 8: Loss function convergence during training.
Source: writer’s archive

Convolution Filters Layer 1 (8x8x4-16)

Filter 2 Filter 3 Filter 4

Filter 7

Filter 1

—
s

Filter 5 Filter 6 Filter 8

1
-

N

Filter 9 Filter 10 Filter 11 Filter 12

.8
i -

Filter 13 Filter 14 Filter 15 Filter 16

=

'

g

Fig. 9: Visualization of learned convolution filters.
Source: writer’s archive

4) Qualitative Analysis: Visual observations of agent be-
havior show:

1) The agent reduces speed before sharp turns

2) The agent follows the center line of the track with
precision

3) The agent rarely leaves the track after complete training

VI. DISCUSSION
A. Mathematical Interpretation

Experiment results show that visual navigation problems
can be reduced to a series of linear algebra operations. Each
layer in the neural network performs a linear transformation
followed by non-linearity. The combination of these transfor-
mations is expressive enough to map visual input to correct
control decisions.

From a linear algebra perspective, a neural network per-
forms a search in high-dimensional function space. Gradient
descent guides the search toward functions that minimize
prediction error.



B. Limitations

Several limitations of this approach:

1) Requires a lot of data and training time

2) Sensitive to hyperparameters

3) Difficult to interpret (black box)

4) Does not guarantee safety in real applications

C. Future Work
Future research can explore:

1) Use of deeper architectures (ResNet, DenseNet)

2) Regularization techniques to prevent overfitting

3) Transfer learning from pre-trained models

4) Implementation on embedded hardware for real applica-
tions

VII. CONCLUSION

This paper has demonstrated practical applications of ten-
sors in autonomous navigation computation. Autonomous nav-
igation is fundamentally a tensor signal processing problem.
It can be solved with linear algebra operations.

Through techniques like im2col and GEMM, complex con-
volution operations can be reduced to efficient matrix multipli-
cations. The backpropagation algorithm enables optimization
of millions of parameters through tensor calculus.

The success of the agent in the CarRacing-v0 simulation
proves that tensor-based mathematical approaches are very
effective for training Al systems. A deep understanding of
linear algebra and tensor operations is key to understanding
and developing modern Al technology.
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